The existence of degree one maps defines an interesting partial order in the set of geometric 3-manifolds, modulo homotopy equivalences. Here we classify this partial order among aspherical Seifert fibered spaces. We also consider the Seifert volume and show that it has some properties similar to that of Gromov's norm under a degree d map.
Introduction
Let M, N be closed oriented 3-manifolds. We say that M 2 N if there is a degree one map f : M -+ N. This defines an interesting partial order on the set of geometric 3-manifolds, modulo homotopy equivalences [4] . The same is true if one considers nonoriented 3-manifolds (including orientable and nonorientable manifolds) and uses absolute degree. Thus it gives a way to measure the complexity of 3-manifolds.
Not much is known about this partial order beyond some elementary facts such as that a degree one map induces an epimorphism on ~1 and Hi's, and Gromov's norm decreases under a degree one map. In [6] we started investigating this partial order, and determined when there is a degree one map from one lens space onto another.
The present paper continues this work. We study this partial order for aspherical Seifert fibered spaces. It turns out that the classification can be described nicely in terms of unnormalized Seifert invariants. As a consequence, we show that if a Seifert fibered space M is orientable, then there can be at most finitely many aspherical Seifert fibered spaces N such that M 2 N; however, if M is nonorientable, then there can be infinitely many such N. This is related to the notion of local finiteness in posets. As we note in Section 4, a general result for any geometric 3-manifolds would imply the main result in [4] , which says that any infinite sequence of geometric 3-manifolds which decreases with respect to this partial order must eventually stabilize. In Section 5, we consider degree d maps between Seifert fibered spaces with the Sz geometry and their volumes. We prove a theorem analogous to that satisfied by the volumes of hyperbolic 3-manifolds.
We raise the question of whether this can be generalized to arbitrary 3-manifolds.
The main theorem that we need in this paper is the following result in [5]: any degree one map between aspherical Seifert fibered spaces is homotopic to a composition of "vertical pinches." Since our result is best described using rational number notation for unnormalized Seifert invariants, we review these in Section 1. In Section 2, we describe Seifert manifolds that are "pinchable." The classification theorem is proved in Section 3. Some corollaries are given in Sections 4 and 5.
Unnormalized Seifert invariants
We refer to [2, 3] for basic terminology about Seifert fibered spaces. Let M be a closed Seifert fibered space, 0~ be its base orbifold, r : M + 0,~ be the projection map. The triple (M, TT, 0~) can be regarded as a generalized bundle over an orbifold.
The unnormalized
Seifert invariant of M is denoted by I(M) = {e,g; (cyi,Pi),.
.
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where E is 01,02, nl , n2,n3, or n4 (E measures the twist of M on the l-skeleton of 0~) ; g is the genus of 0~; cui and pi are coprimes that describe the singular fibers. See [2, 3] for details. Since gcd(cui, pi) = 1 and (pi > 1, we can denote (cri,pi) by ri = pi/ai without losing any information. Thus Z(M) = {E, g; r-1,. . . , I~}. 
Pinchable manifolds
First we describe "vertical pinches" defined in [ 51. Let M be a closed 3-manifold. Suppose that there is a separating torus T in M so that M = Ml UT Mz. Suppose furthermore that some essential simple closed curve 1 on T bounds a 2-sided surface in M2. Let N = Ml UT V, where V is a solid torus whose meridian is identified with 1. Then there is a degree one map f : M -+ N which is the identity on Ml and sends M2 onto V. Such a map is called a l-pinch in [5] . When M is a Seifert fibered space and T is a vertical torus, this l-pinch is called a vertical pinch. In this case N automatically has a Seifert fibration induced from M since 1 cannot be a regular fiber. The following theorem [ 51 implies any degree one map between Seifert fibered spaces is homotopic to a composition of such vertical pinches. 
If X is orientable, then we can add (4) [l] =0 in Hl(X,Z).
Now let X be a Seifert fibered space with dX Z T2. Once we fix a section c of the Seifert bundle on dX, the unnormalized Seifert invariant of X can be defined. The notion is the same as for closed Seifert fibered spaces. Note that if h is represented by a regular fiber, then (c, h) forms a basis of HI (8X, Z) . Let 1 be an essential simple closed curve on 6'X. We wish to determine when (X, 1) is a pinchable pair. Suppose that F is a 2-sided surface with c?F = 1. Then F can be chosen to be incompressible after cutting and pasting. Hence F is either vertical (consisting of fibers) or horizontal (transverse to fibers). Since a vertical surface is either a torus or an annulus, F must be horizontal. It follows that X is a fibered manifold. Together with Lemma 2.2, this implies It follows that h is of infinite order in Ht (X, Z). Hence the regular fibers in X can be consistently oriented. Thus:
Lemma 2.4. If X is a pinchable Seifert Jibered space, then e(X) is 01 or nl.
We now determine all the pinchable pairs (X, I). Consider first the case when E = 01. Then Ht (X, 2) has the following presentation (note that the generators must commute each other since we are using the additive notion): Wecan choose thesectioncon aX so that c=ct +...+c, E Hr(X,Z). Let (Y and /3 be given by LY = lcm{~i}Lr , p/a = C:zl pi/ i, cr w h ere lcm stands for least common multiple. Note that in general cr and /? may not be coprime.
Let 4 be a homomorphism satisfying Lemma 2.2(3). Since (ai, pi) = 1, the equation aici = Pih implies that (Yil$( h). Therefore LY/$( h), and so 4(h) = ka for some integer A section c on JX can be chosen so that c = C ci + 2 C aj in Hi (X, Z). Let 4 be a homomorphism satisfying Lemma 2.2(3). As before, we have 4(h) = ka for some integer k. Therefore 4(ci) = kapi/ai, and 4(c) = kp + 2a where a = 4(c aj). Since (4(h)t4(c)) g enerates Z, (ka, kp + 2~) = 1. Conversely, given such integers k and a with (kcr, kp -I-2a) = 1, one can define a map 4 which satisfies Lemma 2.2. Hence we have:
Lemma 2.6. If E = nl , then (X, 1) is a pinchable pair if and only if I= (ka) c -(kP + 2~) h for some integers k and a which satisfy (ka, k/3 + 2~2) = 1.
We note that in general there are infinitely many such k and a's. This will be used later in Corollary 4.1.
The degree one map partial order
We now consider the degree one map partial order on closed Seifert fibered spaces.
By Proposition 2.1, any degree one map is homotopic to a composition of finitely many vertical pinches. A vertical pinch can be homotoped so that it sends the "pinching part" onto a fiber (regular or singular). Hence the composition of two vertical pinches can be homotoped to either a vertical pinch or two "disjoint" vertical pinches, depending on whether or not the image of the first pinching part falls into the pinching part of the second pinch map. An induction gives: 
For nonorientable
Seifert fibered spaces together with maps of absolute degree 1, a similar result as in Theorem 3.2 can be obtained. But the statement is more involved and lengthy. Instead of giving a detailed analysis, we prove Corollary 4.1 below, which illustrates a major difference between the two cases.
On the poset B
As we mentioned in the introduction, degree one maps define a partial order on the set 6 of geometric 3-manifolds, modulo homotopy equivalences. In other words, (9, 2) form a poset (i.e., a partially ordered set) [ 81. Some basic properties of this poset can be seen easily. For example, there is a unique minimum element, namely, S3 (a minimum element in a poset P is a unique element 6 with x 3 6 for all x E P); there is no maximum element (an element i with f > x for all x); for each x E 9, there is a y that covers x (that is, y > x, and there is no z with y > z > x), but such y is not unique.
An important property for a poset is local finiteness. A poset P is called locally finite if for any x, y E P, the interval [x, y] = {z E P: y 3 z 2 x} is finite. Many theorems on posets require this condition. It is not clear whether our poset G is locally finite.
Since S3 is the minimum element, 6 is locally finite if and only if for each M E 6, there are only finitely many N E G, such that M 3 N. If B is indeed locally finite, then the main theorem in [ 41, that any infinite sequence of degree one maps between geometric 3-manifolds eventually stabilizes, would follow immediately. For k = 1 and a --f 00, the order goes to infinity. Therefore we get infinitely many N with M > N. Cl
A note on Seifert volume and degree d maps
In this section, we consider degree d maps (d # 0) between Seifert fibered spaces with the S? geometry, and prove its volume satisfies a property similar to that of the hyperbolic volume. This implies c(M) 2 dc( N), and equality holds if and only if f is a covering. This is equivalent to f being a covering, which is equivalent to f being a local isometry provided we choose A4 to have the induced metric from N. The above two steps then complete the proof, modulo the following easy lemma. 0 
